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Abstract. Visibly pushdown automata have been recently introduced by Alur
and Madhusudan as a subclass of pushdown automata. This class enjoys nice
properties such as closure under all Boolean operations and the decidability of
language inclusion. Along the same line, we introduce here visibly pushdown
transducers as a subclass of pushdown transducers. We study properties of those
transducers and identify subclasses with useful properties like decidability of type
checking as well as preservation of regularity of visibly pushdown languages.

1 Introduction

Visibly pushdown languages (VPL) have recently been proposed by Alur and Mad-
husudan in [3] as a subclass of context-free languages (CFL) with interesting closure
and decidability properties. While CFL are not closed under intersection nor under com-
plementation, VPL are closed under all Boolean operations, and the language inclusion
problem is decidable. VPL are expressive enough to model a large number of relevant
problems, for example those related to the analysis of programs with procedure calls or
to the formalization of structured documents (like XML documents). As a consequence,
VPL offer an appropriate theoretical framework to unify many known decidability re-
sults in those fields as well as opportunities to solve new problems. In [3], visibly push-
down automata (VPA) are defined as a subclass of the pushdown automata where stack
operations are restricted by the input word. VPA operate on words over a tagged alpha-
bet ¥ = X&) X"\ Xt where X° are call symbols, X" are return symbols, and X are
internal symbols. Each time a call symbol is read, the automaton has to push a symbol
on the stack; each time a return symbol is read, the automaton has to pop a symbol from
the stack; and each time an internal symbol is read, the automaton must leave the stack
unchanged. VPA exactly recognize VPL.

Transducers are machines that model relations between words, i.e. they recognize
sets of pairs of words. Transducers transform languages into languages: let L be a set
of words, T" a transducer then T(L) = {w | Jv € L : T accepts the pair (v, w)}.
There are many important applications of transducers. For example, while languages are
useful to formalize sets of XML documents (i.e. XML document types), transducers are
useful to formalize XML document transformations (e.g., XSLT) [9]. Motivated by this
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application, the rype checking problem asks if all the words of L are translated into
words of Ly under a transducer T, i.e. whether T'(L1) C Lo. Transducers have also
been intensively used in the so-called regular model-checking [1, 5]. In that setting, the
states of a system are modeled by words, state sets by languages and state transitions
by transducers. So far, the concept of regular model-checking has only been applied to
regular languages (with the notable exception of [6]). Unfortunately some parametric
systems cannot be modeled in this setting and more powerful classes of transducers
with good decidability and closure properties are needed.

In this paper, we study several subclasses of pushdown transducers. In the spirit
of [3], we define subclasses of pushdown transducers by imposing restrictions on the
use of the stack and the transition relation. We study three main classes of pushdown
transducers. First, visibly pushdown transducers are pushdown transducers that operate
over pairs of words defined on a tagged alphabet Y. Those transducers respect two
restrictions: (¢) along the reading of a pair of words, either the head is moved only in one
of the two words (allowing deletion and insertion), or it is moved over a pair of symbols
of the same type (two calls, two returns, or two internals), (i) when reading internals
the transducer leaves the stack unchanged, when reading calls it pushes a symbol on
the stack, when reading returns it pops a symbol from the stack. We show here that
unfortunately the type checking is undecidable for this class even if L; and Lo are
VPL. They are not closed under composition and they do not preserve VPL, i.e. the
transduction of a VPL is not necessarily a VPL. Second, synchronized visibly pushdown
transducers are obtained from visibly pushdown transducers by imposing the following
additional restrictions: (7) when a call is deleted then the marching return is deleted, (i)
when a call is inserted then a matching return is inserted, and (i4¢) when a call is copied
then the matching return is also copied. We show that this class of pushdown transducers
has a decidable type checking problem for VPL. This result is not trivial as we also
show that the transduction of a VPL with a synchronized visibly pushdown transducer
is not necessarily a VPL. This class of transducers is well suited to formally validate
XML document transformations. Indeed, opening and closing tags are modeled by calls
and returns respectively, and a transformation that inserts (respectively deletes) a new
opening tag will usually also insert (respectively delete) the corresponding closing tag.
The synchronized restriction to our transducer is therefore very natural in that context.
Finally, we define the class of fully synchronized visibly pushdown transducers as a
subclass of synchronized visibly pushdown transducers that, in addition to having a
decidable type checking problem, preserve VPL, and are closed under composition and
inverse. This class of transducers has all the properties required to extend the techniques
used in regular model-checking from regular languages to VPL.

2 Preliminaries

Basics An alphabet X is a finite set of symbols!, we note X, for XU {e} (the alphabet
2 together with the empty word symbol ¢). The tagged alphabet over X is an alphabet,
noted X, which is equal to X X" W X%, where X¢ = {a@ | a € X}, X" = {a |

! For technical reasons, we assume that all alphabets X in this paper are such that | X >2.



a € Y}and X% = {a | a € X}.2 A word over X is a finite sequence of symbols
in X. A language over X is a set of words over Y. In the rest of the paper, given
any alphabet X, we note RL(Y'), respectively CFL(X), the set of regular, respectively
context-free, languages over Y. Let 7 be the function from Y into ¥ defined as follows:
m(a) = w(a@) = w(a) = a. We extend 7 to words: for w = ajas...a,, 7(w) =
m(a1)m(ag) ... m(a,), and to languages: w(L) = {m(w) | w € L}. Let Xy C Xy, for
w € X3, | %1 (w) € Xf returns the word w where the occurences of symbols in X5\ X
have been erased. Finally, a stack alphabet I is a finite set of symbols that contains a
special symbol, noted _L, called the bottom-of-stack symbol.

Visibly pushdown languages A visibly pushdown automaton (VPA) [3] on finite
words over the tagged alphabet Y=3cyrryYiisa tuple A = (Q, Qo, Qy, I 0)
where @) is a finite set of states, Qo C @, respectively Qy C (), the set of initial
states, respectively final states, I the stack alphabet, and 6 = J. W §, W §; where
b € Q x X x @Q x (I'\ {L}) are the call transitions, 6, C Q x I' x X" x Q
are the return transitions, and 6; C Q x X% x @ are the internal transitions. On a call
transition (¢, a,q’,7y) € d., 7 is pushed onto the stack and the control goes from ¢ to
¢'. On a return transition (¢,v, a,q’) € d,, 7 is popped from the stack (note that if L
is the top of the stack then it is read but not popped). Finally, on an internal transition
(g,a,q") € d;, there is no stack operation. Accordingly, a run of a visibly pushdown
automaton A over the word w = aq ...q is a sequence {(qx,0x)}o<k<i, Where gy
is the state and o}, € I'™* is the stack at step k, such that g € Qq, 09 = L, and
for each k < [, we have either: (¢) (qk, Gk+1, @rt1,7) € Oc and op41 = Yo (i)
(qk, 7Y, Qk+1,qk+1) € O and if v # L then o = Yopy1 else o = opy1 = L; or
(44%) (qr, Qkt1, Qrt1) € 0; and o, = op41. Arunis accepting if ¢; € Q5. A word w is
accepted by A if there exists an accepting run of A over w. L(A), the language of A,
is the set of words accepted by A. A language L over a tagged alphabet Yisa visibly
pushdown language if there is a VPA A over X such that L(A) = L. We note VPL(X)
for the set of VPL over the tagged alphabet 5.

Example 1. Vi, = {a"b" | n > 0} is a VPL(X), while Cy,, = {a™b™ | n. > 0} is not.
Proposition 1 ([3]). Here are the main properties of VPL and VPA.

1. The class of VPL is closed under all Boolean operations.®> In particular, given
A A1, Ay € VPA we can compute in polynomial time a VPA B such that
L(B) = L(A1)NL(Az2), and in exponential time a VPA C such that L(C) = L(A).

2. Given Ay,Ay € VPA, the problem of deciding whether L(A;) C L(Aj)
is EXPTIME-COMPLETE, when As is deterministic the problem is PTIME-
COMPLETE.

3. Given A € VPA, we can decide, in polynomial time, whether L(A) =

4. Let C € CFL(X), then there exists V € VPL(X) such that (V) = C.

0.

2 We sometimes write a® for @, a” for a and a® for a. We may also write a when the type of a is
clear from the context.
3 This is in sharp contrast with CFL that are not closed under intersection nor complement.



The following result states the undecidability of checking inclusion between a CFL
and VPL. To the best of our knowledge, the direction CFL into VPL is not established
in the literature. We give a full proof in the Appendix.

Theorem 1. Let C' € CFL and V' € VPL then checking whether C C V, and checking
whether V. C C are undecidable problems.

Transduction relations and the type-checking problem A relation R C X* x L™
is a transduction relation, or simply a transduction, over X, i.e. a set of pairs of words
over Y. When R(v,w) holds, we sometimes call v the input and w the output of the
transduction. The transduction of a word v over X by a transduction relation R C 2™ x
X* is the language {w | R(v,w)}, noted R(v). The transduction of a language L over
X by a transduction relation R C X* x X* is the language {w | Jv € L : R(v,w)},
noted R(L). The type checking problem asks, given an effective representation of two
languages L; and Lo, and an effective representation of a transduction relation R, to
establish if R(L;) C L.

3 Visibly Pushdown Transducers

VPA are pushdown automata such that the input restrict the stack operations. Similarly
we define visibly pushdown transducers as pushdown transducers such that input and
output restrict the stack operations. Such a transducer will push, respectively pop, onto
the stack when it reads and/or write a call, respectively a return.

Definition 1 (VPT). A visibly pushdown transducer on finite words over Yisa tuple
T =(Q,Qo,Qy,I,6) where @ is a finite set of states, Qo C Q, respectively Q@ C Q,
the set of initial states, respectively final states, I" the stack alphabet, and 6 = 6§, W
Or W, wWithd, € Q X XX XEx Qx (I'\{L1}),d, CQx I xXI xXI xQ,
3; € Q x X! x X x Q. Moreover if (¢,a,3,¢,7) € 6e (¢,7,a,8,¢') € J, or
(¢,,8,q") € 6; then o # e or B # e. The class of visibly pushdown transducer is
noted VPT.#

Definition 2 (Run of a VPT). A run of a VPT T over (v, w), where v = ay . .. a; and
w = by...by, are words on 3, is a sequence {(qk, ik, jk, Ok) fo<k<n, Where g, is the
state at step k, iy, respectively j, are the index of the last letter of v, respectively w, the
transducer has reached, and o, € I'* is the stack, such that g € Qo,i9 = 1,50 = 1,
oo =L,andforallk < n,letaw =eora =a;, and B =eor f =bj,, ig+1 = ix +|af,
Jrk+1 = jk + |, and we have either: (¢) (qx, @, B, qk+1,7) € 0c and op41 = Yoy, (i7)
Qs 7, @, B, qr+1) € 6 and if v # L then o, = yog41, else o = k11 = L, (4i1)
(qr, @, B, q+1) € d; and o, = ok41. A run is accepting if ¢, € Qy, i, = |v| + 1, and
Jn = lw|+1.

4 Note that we define transducers that operate over pairs of words defined on the same alphabet.
This is not restrictive: a transducer from words on an alphabet X'; to words on an alphabet X5
can be seen as a transducer from Xy UX5 to Xy UXs. In the following, we will abuse notations
and sometimes we will define transducers where the input and output alphabets differ.



We note [77] the transduction induced by 7', it is the set of pairs (v, w) € 2* x 3*
such that there exists an accepting run of 7" on (v, w)3. A transduction relation R C
2% x X* is avisibly pushdown transduction if there exists T € VPT such that R = [T7].

Example 2. The transducer T 4¢; of Fig. 1(a) deletes the calls @, respectively the returns
b, and replaces them with the internals a, respectively b, it further verifies that the num-
ber of deleted calls is equal to the number of deleted returns. Clearly, T4 is a VPT
that transduces V5, into Cs,, (defined in Example 1), which is also obtained when 7'.;
is applied on 3* . The transducer T}y of Fig. 1(b) copies the calls @ it encounters and
then inserts the same number of returns b, finally it renames the remaining returns b into
c. Then Ty, is a VPT that transduces Va,, into the language Ss,, = {@a"b"c" | n > 0}.

a/a,y ¥,€/b
Y0,b/€
@@ E/EVOM 7, b/e MS\ €/b
a/e,y v,b/e€ L,b/c
(a) Tdel (b) Tzns

Fig. 1. Examples of VPT

Definition 3 (Inverse transducer). Given a VPT T = (Q, Qo, Qy, I', ), we define its
inverse T™! = (Q, Qo, Qy, I,8") with (i) (q1, 8, @, q2,7) € 0, & (q1,,8,92,7) €
des (71) (q1,7, B, @, q2) € 6, & (91,7, @, B,q2) € 0y, and (iii) (q1, 0, , q2) € 0] &
(q1,, 8, q2) € 0;.

Proposition 2 (Inverse transduction). Let T € VPT, then [T~1] = [T]~%

Proof. Any run of T on (v, w) can easily be transformed in a run of 7! on (w, v) by
interchanging « with (3 and 7, with jp. O

Lemma 1. Forall C € CFL(Y), there exist T € VPT(X) and V € VPL(Y) such that
T(V)=C.

Proof. In this proof we use the alphabet & which is the set {(@®)¥|ae XAz, y€
{¢,r,i}} and we make the hypothesis that X' contains the letters ¢, r, and . This is
without lost of generality as we make the hypothesis that our alphabets always contain
at least two letters. .

First, by Proposition 1, there exists V/ € VPL(Y) such that 7(V') = C. With the
notations above, 7 is defined as follows: 7((a®)¥) = a®. Second, let us consider the
function 7, : X — X x X defined as 71((a”)¥) = x‘a¥. This function codes any
character of 3 into a sequence of two characters of 3. We extend the function T1 tO
words as follows: letw = ay ...a, € 2%, 7 (w) =71(a1)...71(an). Given A" a VPA

on 3 for V', it is easy to construct A a VPA on X such that L(A) = 71 (L(A’)), since

5 In the sequel, we sometimes say that the transducer read the input v and write the output w.



71 maps a call on an internal followed by a call, maps a return on an internal followed
by a return, and maps an internal on two internals.
Third, let us consider the function 75 : {c¢*,r*,i*} x X' — 3 defined by: 75(z*a¥) =

a”. Clearly, for any word w € X*, w(w) = 75(71 (w)). We are left to show that 7 can be
defined as a VPT T'. Here is the construction. First, 7', when in state ¢, reads an internal
2 which determines the type of the ouput: a call if x = ¢, a return if = r, and an
internal if = 4. Accordingly, it goes into ¢¢, ¢ or ¢’ respectively using the transitions
(q,¢%,€,¢°) € 6, (q,7%,€,q") € & or (g,i%,¢,q") € ;. Note that those transitions do
not move the head on the output (so erasing the internal z*). Then, T reads the next letter
a¥ and rewrites it into the output type defined by its current state, that is if the state is ¢¢
then it writes (imposes to read) a® on the output, etc. There are nine cases to consider, (¢)
read a call write a call, (¢7) read a call write a return, (i7¢) read a call write an internal,
(tv) read a return write a call, and so on. For translation of one type of character to
another, we need to use two transitions that use first epsilon on output and then epsilon
on input. Here are two representative cases over the nine cases: (i) for a® into a®:
(¢%,a% a’ q,7) € b, (i1) for a® into a”: (¢",a% €,q%,7) € ¢, (¢4, L,e,a",q) € b,
and (¢.,7,€,a",q) € 0,.Clearly, T is a VPT. To complete the proof, a simple induction
shows that T'(V) = (V) = 7(V’) = C. Note that the VPT is not using the stack:
only one character is pushed on the stack and return transitions can always use this
character or the bottom character. As a matter of fact, the transduction 75 is definable
by a finite state transducer on 3. ]

In the next proposition, we establish that the transduction and inverse transduction
of a VPL by a VPT is not necessarily a VPL nor even a CFL, and that the transduction
and inverse transduction of a RL by a VPT is not necessarily a VPL but it is always a
CFL. We note VPT(RL) = {T'(R) | T € VPT,R € RL} and VPT(VPL) = {T(V) |
T € VPT,V € VPL}.

Proposition 3. VPL C VPT(RL) C CFL C VPT(VPL).

Proof. First, we know that VPT(RL) C CFL since it is true for the class of pushdown
transducers (which contains VPT). Second, to show that VPL C VPT(RL), for any
V € VPL we construct a VPT that first ignores the input (taking only transitions that
are labelled by e for the input), checks that the output is in V' by simulating the VPA
that accepts V/, and when it reaches the end of the output, it reads the input without
constraining the output using e transitions on the output. When executing this transducer
on X*, we get V. Third, to show that VPL # VPT(RL), we consider Tg,; of Example 2:
when executed on 3* it returns Cay,, a CFL which is not a VPL. Fourth, to prove CFL C
VPT(VPL), first by Lemma 1 we get CFL C VPT(VPL), second we consider the
transducer T7,,s of Example 2, it transduces V5,, € VPL into S3,, ¢ CFL. a

In the next result states that the class of VPT is not closed under composition.
Corollary 1 (Composition). There exists T,T' € VPT such that [T] o [T'] is not a

visibly pushdown transduction.

Proof. From Proposition 3, there are V' € VPL and T' € VPT such that T'(V') ¢ CFL.
Also there exist R € RL and 7" € VPT such that 7(R) = V since VPL C VPT(RL).
So [T] o [T'](R) ¢ CFL but then it cannot be a VPT as VPT(RL) C CFL. O



The next theorem shows that the type checking problem of VPT against VPL is
undecidable.

Theorem 2. For Ay, As € VPA and T € VPT, it is undecidable whether T(L(A;)) C
L(A).

Proof. Let C € CFL(Y), by Lemma 1 there exist V € VPL(X) and T' € VPT such
that (V') = C. Therefore we have that T'(V') C V' iff C C V' which is undecidable
as established in Theorem 1. O

4 Synchronized Visibly Pushdown Transducers

We define here a restricted class of transducers that allow typechecking. The idea is to
synchronize the insertion, respectively the deletion, of a call with the insertion, respec-
tively the deletion, of the matching return.

Definition 4 (SVPT). A synchronized visibly pushdown transducer is a VPT such that
I'=Teopy W Lger Wiy W{L} and such that if (¢, o, 8,¢',v) € 0. or (q,7,,6,¢') €
0 then either: (i) a = ¢, # eand vy € Ijps U{L}, (i) @ # ¢,0 = cand y €
Lo U {L}, or (iii) o # €,8 # € and v € Ippy U {L}.5 The set of synchronized
visibly pushdown transducer is noted SVPT.

Example 3. T4e; of Example 2 is a SVPT with Lge; = I, Lips = 0 and Iopy = 0.
On the other hand, T}, is not a SVPT since ~ is used for inserting, see transition
(go,7, €, b, q1), and for copying, see transition (qo, @, @, go, Y)-

The next proposition states the class SVPT is closed by inverse.
Proposition 4. Let T € SVPT then T~ € SVPT.

Proof. T~ is a VPT (Proposition 2). Moreover, with I' = I/, & Iy, & I}, & {1}
where I

copy =1 copy> Il =Tins and I}, =gy, this transducer is synchronized. O

In the next proposition, we establish that the transduction or inverse transduction
of a VPL by a SVPT is not always a VPL. We note SVPT(RL) = {S(R) | S €
SVPT,R € RL} and SVPT(VPL) = {S(V) | S € SVPT,V € VPL}.

Proposition 5. VPL C SVPT(RL) = SVPT(VPL) C CFL.

Proof. First, for VPL C SVPT(RL), consider T'g,; of Example 2, it transduces a RL into
a CFL that is not a VPL (see Proposition 3), T is a SVPT. Second, for SVPT(RL) =
SVPT(VPL), consider any S € SVPT and A € VPA. Let V = L(A). We construct
S’ € SVPT such that S'(£*) = S(V). More concretely, we impose that, for all w €
3* we have that S’(w) = S(w) when w € V and S'(w) = () otherwise. To achieve
that, S’ simulates S and A: it translates w as S does and, in parallel, it simulates A on w.
A run of S’ is accepting if the corresponding runs in S and A are accepting. It is crucial
to note that the parallel simulation of the stacks of S and A is only possible because S
is a SVPT: each time that it copies, respectively deletes or inserts, a call, it will copy,
respectively delete or insert the matching return. As a consequence the content of the
stack of .S and A can be represented as pairs of symbols as follows:

 As SVPT are VPT, call transitions are not allowed to push L.



- call-return copy: when A and S are moving and pushing a symbol vy and v € I'sop,
on their respective stack, S’ pushes the symbol (,v’). As S is a SVPT and 7' €
I'copy, this ensures that when we reach the matching return, S copies the return,
and the pair (vy,~") will be popped from the stack. This simulates the behavior of
the stacks of A and S. From there, S’ continues the parallel simulation of A and S.

— call-return delete: when A and S are moving and pushing a symbol v and 7' € Iy
on their respective stack, S’ pushes the symbol (,v’). As S is a SVPT and 7' €
L4, this ensures that when we reach the matching return, S will delete the return,
and the pair (vy,~") will be popped from the stack. This simulates the behavior of
the stacks of A and S. From there, S’ continues the parallel simulation of A and S.

— call-return insert: on a call-return insert, only S is moving. It pushes a symbol
~" € I'ins on its stack. To simulate this, S’ pushes the pair (v,,~’) on its stack, 7.
being a new stack symbol that does not belong to the stack symbols of A. As «/
belongs to [7,s, we know that the matching return will be inserted (so no input will
be read and A will not move), at that time S’ will pop the pair (., '), not moving
on the input. This simulates the behavior of the stacks of A and S. From there, S’
continues the parallel simulation of A and S.

— Other cases are treated similarly.

Third, SVPT(VPL) C CFL is a consequence of the facts that SVPT(RL) C
VPT(RL) C CFL and SVPT(RL) = SVPT(VPL). Finally, SVPT(VPL) # CFL is
a consequence of the fact that typechecking SVPT against VPL is decidable (Theo-
rem 3, see below) and the undecidability of checking the inclusion of a CFL into a VPL
(Theorem 1). O

Non-deleting and non-inserting transducers Two important subclasses of SVPT are
the class of transducers that do not insert and the ones that do not delete.

Definition 5. A non-inserting SVPT T = (Q, Qo, Qy, I, ) is a SVPT such that (4)
0o COQXXxXxQxTI,3G)d CQxI xX xX' xQ and (it7) §; C
Q x X' x X! x Q (and thus I;,; = (). This class is noted SVPT ;. A non-deleting
SVPT T = (Q,Qo,Qy,I,0) is a SVPT such that () 6o € Q x X¢ x X x Q x I,
(1) 0, CQx I'x X7 x X" x Q and (ii7) 6; C Q x X% x X% x Q (and thus I'z; = 0).
This class is noted SVPT,q.

Proposition 6. Let T € SVPT,

1. T € SVPT g iff T~ € SVPT,i,
2. if T € SVPT,qandV € VPL then T(V) € VPL,
3. if T € SVPT, and V € VPL then T~*(V) € VPL.

Proof. The first assertion is a direct consequence of Proposition 2 stating that 7! is
also a VPT and the fact that the inverse transducer of a non-inserting, respectively non-
deleting, transducer is obviously a non-deleting, respectively non-inserting, transducer.

Our proof for the second assertion is constructive. Given the SVPT 4 T, and the
VPA A™ for V, we construct a VPA A°% that accepts T'(V'). We sketch here the main
arguments of the proof, the full detailed proof is given in Appendix. On a word w, A°%*



guesses a word v and checks that the pair (v, w) € [T] and v € V. For that, the VPA
A°% simulates in parallel the execution of A on v and the execution of T on the
pair (v, w), its run is accepting if the simulated runs in A®* and T are accepting. The
main delicate part of the proof is to show that A°“ can simulate the two stacks while
respecting the restrictions imposed to a VPA. The parallel simulation of the stack of A"
and T is possible because T'is a SVPT4: each time that it copies, respectively inserts, a
call, it will copy, respectively insert, the matching return. As a consequence, the content
of the stacks of A" and T can be represented as pairs of symbols as follows:

— call-return copy: when A™ and T are moving and pushing a symbol v*" and yT €
Fg;py on their respective stack, A°“* pushes the symbol (7", vT) and reads in w

the same symbol as written by 7. As T'is a SVPTqandy” € I CTopy, this ensures
that when we reach the matching return in v (and A™ pop v*™), T' copies the return
in w and pop yT. At that time, A°“* pops the pair (y**,y7) from its stack and
reads in w the same symbol as written by 7'. This simulates the behavior of the
stacks of A%* and T From there, A°%* continues the parallel simulation of A** and
T.

— call-return insert: on a call-return insert, only 7" is moving. It pushes a symbol
vT € I'T, onits stack and write 3. To simulate this, A°* reads 2 and pushes
the pair (7,y7T) on its stack, . being a new stack symbol that does not belong
to the stack symbols of A, As vT belongs to I'%,, we know that the matching
return in w, say (3’, will be inserted (no letter will be read by T and so A" will not
move), at that time A°*“* will pop the pair (7, y”) when reading 3’. This simulates
the behavior of the stacks of A® and T'. From there, A°% continues the parallel
simulation of A®* and T

Note that A°“ could not simulate a transducer that deletes matching calls and returns
as it would have to modify its stack while not reading any letter, which is not allowed
in a VPA. The last assertion is a direct consequence of the first and the second. O

We can now prove that type checking is decidable for SVPT.

Theorem 3. Let A1, Ay € VPA and T € SVPT, the problem of checking if
T(L(A1)) C L(As) is EXPTIME-COMPLETE, the problem is PTIME-COMPLETE
when As is deterministic.

Proof. We know that checking inclusion between two VPL is EXPTIME-HARD (Propo-
sition 1), if we choose 7' to be the identity transducer (which is a SVPT), we obtain the
hardness part. For the easiness part, we first show that 7" is equivalent to the composi-
tion of two transducers: [T = [T7:] © [Thna]l, which are respectively non-inserting and
non-deleting.

T,q will behave as T' with the essential difference that whenever 1" deletes a call,
a return, respectively an internal, T,,; replaces it with €°, €”, respectively €' which are
new call, return, respectively internal symbols that do not belong to the alphabet 3.
More formally, let T = (Q, Qo,Qy, I, 0) over X, T,q is a transducer from X into
Sng = e, WX WX where X6, = Xew {e}, Xr, = T w{e}, XD, =

Xiw {e'}. We define Tng = (Q, Qo, Qf, I'™%, 8pa), such that I'* = 7l I

wms



{1}, where ng‘;y = Fcopy W Lger, and T4 = Ty, §pg = 0L UL UG, O =
{A(q,a,b,q,'y) €l |ac€ Z‘ b e E‘} U{ (¢, a,¢ <d,7v) | (g,a,6,¢',7) € d¢,a €
2oy, o =1{(¢,7, . 0,¢') €9, | ae€ Xl be L U{(g.7.a.€".q) | (¢.7.a.€6,q) €
6rya€ X8 ={(q,,b,q) €6 |oz eXibe £ u{(g.a,¢,q) | (g a,6,¢) €
di,a € ﬁ'l} Note that 77,4 does not erase and so the partition of the stack symbols
is different from the one for 7', and clearly we have T},4 € SVPT.q. Furthermore, by
construction, we have that for all (w1, w2) € [T7, there exists ws such that (w;, ws) €
[Tha] and wy = |*(w3), and conversely, for all (wy,ws3) € [Thal, (wr, | (w3)) €
[T]. As T'is a SVPT, for all w € Ty,q(X*), w is such that the matching return of every
€ is an €", and conversely. This property is easily proved by induction on the length of
runs of T),4. We say that those words are synchronized on the pair (e, €”).

We define the transducer 7,;. For all w; that are synchronized on the
pair (e, €"), the transducer accepts the pairs (wi,|”(w1)) € Sna x .
Clearly, this transduction relation is realized by the following transducer T, =
({q}, {a}, {a}s {Veopys Vdets L} 6ni), on (2 U {€,€",¢'}) x X, such that §,,; =
o) U oy U6, 0 = {(4,0,0,0Yeopy) | @ € X UA(g, €% €,¢,7ae) )5 0
{(@:Yeopy, a,a,9) | a € X"} U {(q,7aer,€",€,0)} UG = {(q,L a,a,q) | a
2y U{ (q,L,€",€q)}, and 8/ = {(q, a,a, q) | a € E’} U {(g, €, ¢, q)} which is in
the class SVPT,;.” Clearly, [[T]] [T:] o [Thal-

To finish the proof, we consider the following equivalence: T'(L(A;)) C L(Az) <
Tna(L(A1)) N T (L(Az)) = 0. The proof of Proposition 6 tells us that we can con-
struct, in deterministic polynomial time in the size of T},4 and of Ay, a VPA By that
accepts the language 7}, (L(A1)). Also, Proposition 1 tells us that we can compute, in
deterministic exponential time in the size of A,, an automaton Bs that accepts L(As)
(in polynomial time if Aj is deterministic) and we can construct, in deterministic poly-
nomial time in the size of By and T),;*, a VPA Bs that accepts T,,' (L(As)). Finally,
checking emptiness of intersection between two VPA can be done in deterministic
polynomial time (Proposition 1). This concludes our proof of EXPTIME-EASINESS
(PTIME-EASINESS if A5 is deterministic). |

m

The following proposition states that any CFL can be obtained by applying two
SVPT ona VPL.

Proposition 7. For all C € CFL(X), there exist V e VPL(X), Ty, Ty € SVPT such
that Ty (Tl (V)) C.

Proof. First, the proof of Lemma 1 tells us that there exists V € VPL(X) such that
(V) = C, where 75 : {c!,r%,i'} x £ — X is defined as: 75(z%a) = a*. We now
show that 72 can be expressed as the composntlon of two SVPT. We -decompose 7 into
the following two functions. First, 3 : {¢’, " z} x 5 — {c,rt, it} x ET defined
as: 3(x'a¥) = x'a’. Second, 74 : {ci, 7% i’} x L' — ¥ defined as: 74(z'a’) = a*

Clearly, those two functions can be expressed as SVPT and 75 = 74 o 73. D

As a consequence of Proposition 7 and Theorem 1, we cannot type check the composi-
tion of two SVPT against VPL.

7 Note that without the hypothesis of synchronized on the pair (e°, €”), there is no SVPT,; that
realizes ‘LE , that is the reason why this construction can not be generalized when 7" is a VPT.



Theorem 4. Let A1, Ay € VPA and T1,To € SVPT, it is undecidable whether
T1(T2(L(A1))) € L(A2).

Fully synchronized visibly pushdown transducers We finish this section by intro-
ducing a class of VPT that maintain regularity, are closed under inverse and under
composition and for which type checking is decidable.

Definition 6 (FSVPT). A fully synchronized visibly pushdown transducer is a synchro-
nized visibly pushdown transducer which is both non-inserting and non-deleting. This
class is noted FSVPT.

Theorem 5. Let T' € FSVPT, then:

1. VPL preservation: for any V€ VPL, T(V) € VPL;

2. Inverse: T~ € FSVPT;

3. Composition: for any Ty € FSVPT there exists Ty € FSVPT such that [Tz] =
[71] o [TT:

4. Decidable type-checking: given two VPA Ay, As, deciding T(L(A1)) C L(A2) is
EXPTIME-COMPLETE.

Note that FSVPT = SVPT,y N SVPT,;, this class is exactly the class of VPT that
do not delete nor insert. Moreover, we could define finite state transducers to trans-
duce words on ﬁ, such that calls are mapped on calls, returns on returns, and internals
on internals. This class would be a strict subclass of FSVPT as such automata would
translate languages from RL(X) into RL(%) while FSVPT can transduce languages
from RL(X) into languages that are not in RL(X). Finally, if T"is a FSVPT then it can
be seen as a VPA that works on pairs of symbols (of the same type), and so, equivalence
between FSVPT is EXPTIME-COMPLETE.

5 Conclusion

In this paper, we have identified two interesting sub-classes of pushdown transduc-
ers. SVPT (synchronized visibly pushdown transducer) is a powerful subclass with a
decidable (EXPTIME-COMPLETE) type checking problem against VPL. This positive
result is surprising as we have shown that SVPT do not preserve VPL. Also, the class
of SVPT is not closed under composition. This has triggered the definition of FSVPT
(fully synchronized visibly pushdown transducers), this class of transducers enjoys nice
properties like preservation of VPL, closure to composition and decidable (EXPTIME-
COMPLETE) type checking problem against VPL.3

Alur and Madushudan have shown in [4] that VPL are equivalent to regular lan-
guages of nested words. Our results can be rephrased in this setting as well. In [2], Alur
has studied the relation between VPL and tree languages. In future work, we will study

8 A. Thomo et al. defined in [11] a class of visibly pushdown transducers equivalent to ours.
However, their article does not study this class of transducers per se and they incorrectly states
that VPT maintains VPL in contradiction with our Proposition 3.



in details the relation between the transducers defined on regular tree languages, as de-
fined in [7, 8], and our transducers. It seems pretty clear that their expressive power
are incomparable but a fine comparison requires a large effort of formalization and is
beyond the subject of this paper. As already said, those works on transducers were of-
ten motivated by the application in XML, we will study the practical advantages and
drawbacks of our transducers for that application in future work.

In [6], Fisman and Pnueli use context-free languages for extending regular model-
checking. CFL are used to model the set of initial states of the system, the transition
relation as well as the specification (the set of good states) are given by finite state trans-
ducers and automata, respectively. We conjecture that FSVPT can be used to rephrase
and extend those results by offering an unified framework for regular model-checking
in the context of VPL, as FSVPT are preserving VPL. We will investigate this important
application in future work.

Acknowledgement We want to thank Laurent Van Begin for suggesting the main idea
of the proof for Theorem 1 and Ahmed Bouajjani for pointing us the paper of Fisman
and Pnueli.
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6 Appendix

6.1 Undecidability of inclusion between CFL and VPL
Lemma 2. Let L € CFLand L' € VPL then L C L' and L' C L are undecidable.

Proof. The undecidability L’ C L is a direct consequence of the undecidability of the
universality of context-free languages and the fact that 2* € VPL.

On the other hand, we reduce the reachability problem of a 2CMto LN L' = ¢
for VPL and CFL. Then, we can deduce that . C L’ is undecidable since VPL can be
complemented.

A two-counter machine C', 2CM for short, is a tuple (c;, c2, L, Instr) where (7)
¢1, ¢o are two counters taking their values in N (i7) L = {ly, 12, ..., 1, } is a finite non-
empty set of u locations (i77) Instr is a function that labels each location | € L with an
instruction that has one of the three following forms where j € {1,2} and I’ € L:

- 1:c¢j:=cj+1; gotol';,is an increment and inst_type(l) = inc;
- 1:cj:=cy—1;goto 1’;, is a decrement and inst_type(l) = dec;
- 1:if ¢j =0:goto 1’;else goto 1”;, is a zero-test and inst_type(l) = jz;.

A configuration of C' is a tuple (loc,v',v?) where loc € L and v!,v? are natural

numbers giving the valuation of ¢; and co. A computation, 7, is a finite or infinite se-
quence of configurations {locy, vi,v?), (loca,vs, v3) ... such that: (i) loc; = I, v =
0 and v{ = 0 and (ii) for each i € N,i < || we have (loc;y1,v},1,v? ) is the con-
figuration obtained by applying Instr(loc;) to the configuration (loc;, v}, v?). Minsky
proved the undecidability of the reachability problem for 2CM [10].

Given the above defined 2CM, we define Y¢ = {incy,nok;}, X" =
{decy,jz1}, X% = {okj,decy, incy, jz,, 0ka, noks}, Y =X, UX.UJX; We as-
sociate to any finite run of C,

p = ({loc;, v}, v3), ..., (lock, v}, v2)),aword on X, w(p) = wy - ... - wy_1, where w;
is defined as:

ins; if inst_type(loc;) = ins; # jz;
w; = jzjok; if inst_type(loc;) = jz; and test is true (1)
jzj nok; if inst_type(loc;) = jz; and test is false

where j € {1,2}.

We construct a VPL, A = (@, Qo, [, 0, QF), that accept all words w(p) associ-
ated with a run p that reaches [ (it may accept other words as well). This VPL on b))
simulates the first counter of C' but guesses the outcome of zero tests on the second
counter:

-Ir={11}

-Q=LU{(,a)|ll € Lya € {L14,15,1,2}} - States (I, L) allows to read the
internal ok; and ([, 1) allow only to push 1 and read the call nok;. States (I, L2)
and (,2) allow only to go to state [ when reading the internals ok, and noks,
respectively.



-0 C(@xX.xQxINU@Q@xTIxX.xQ})U(Q x X; x Q) such that for any
l € Lif inst_type(l) =:

e Inc, then (I, Incy,!’,1) € 0.

e Dec; then (I, 1,Decy,l’) € §,;

e jzj then (I, jz1, L, (', L1)) € 6, and ((I', L1), 0ky, ") € 4. (test evaluates to
true iff stack is empty), (1,1, jz, ({”,1)) € 6, and ((I”,1),n0kq,1"”,1) € 4,
(test evaluates to false iff stack not empty);

e Inc, then (I, Incy, ') € d;;

e Dec, then (I,Dec,, ') € §;;

e jz, then (I, jzo, (', L2)) € 6; and ((I', L2), 0ke,l") € §; (guessing test eval-
uates to true), (I, jz, (I”,2)) € d, and ((I",2),noks, ") € J; (guessing test
evaluates to false).

Finally, the second counter is simulated by a PDA B in the same spirit as A simu-
lates the first counter. As the PDA does not have to comply with partition of the alpha-
bet, it pushes when it reads a Inc,, it pops when it reads Dec,, and it leaves the stack
unchanged on all other symbols. The conjunction of the constraints expressed by the
VPA and the PDA encodes exactly the definition of the executions of the two-counter
machine.

6.2 SVPT.4(L) € VPL
Definition 7. Let o € I'* and o' € (I U {v.})*. We write 0 = o' iff o' =|' (o).

Definition 8. Let 0 = (7y1,71) - - (Yn,7s,), then we define mi(0) = 1 ..., and

/

m2(0) =1 o Yl
We can now prove the following property.

Proposition 8. Let T € SVPT,q and L € VPL then T(L) € VPL.

Proof. Let A;, = (Qi",Q’(")",Q"f”,F"'",ém) aVPAon Y = X°w X"y X' with
L(AV”) = L’ T = (QTana 3’—‘7FT,5T) a SVPTnd, and let us define Aout =
(Cgout7 qut7 Q?Ut, Fout’ 5out) as fOHOWI

- QM =QMxQT, Q" = QY xQF, Q' = QF xQF, I = (I'"\{L}) x
I'E,) U} x IL,) U{(L, 1)}, the special bottom-of-stack element is noted
(L, 1).

- Call wanstons: (¢, a7 b, (4. (/" 77)) € 6 iff Ja € ¢
(91", a,¢5",7"™) € 6" A (qf ,a,b,q3,7") € 6F or gi" = ¢&*, ¥ = 7. and
(aF,e,b,q%,4T) € 6. Observe that we always have (v'",4T) € Iowt\ {(L, 1)}.
Specially, never (L, 'yT) nor (7""‘, L) are put on the stack.

- Return transitions: ((¢i", ¢'), (v, v7), b, (¢&*, ¢')) € 5% iff one of the 3 cases
is true: (i) Ja € X7 : (¢, v, a,¢8") € &, (¢F,vT,a,b,¢F) € 6F and
("4 € T G g = g5, 7" = e, (a1 .77 €,b,¢3) € 67 and T #£ L,
or (i) (g1, L, €,b,q3) € 67 and (v, 7") = (L, L).



— Internal transitions: ((¢i",¢7),b, (¢5",¢1)) € §9%¢ iff Ja € X : (¢i", a,q5") €
5 A (qT a,b,¢F) € 6T or ¢ = ¢i" and (¢T ,€,b,¢3) € 6T

Note that all the (7", T) involved in the definition above are in 1'%, that means that
either (v"",7") € (I'"" x I,,,) or (v, 4") € ({ye} x IT).

Now we check that L(Ayy:) = T(L).
[L(Aout) € T(L)]. We prove by induction (on the length of a run of A,,;) that if we
have a run p°“ = (g§"*,o5"") ... (¢2", o2*") of Aoyt on vy, (a word of length k) then
there exist

- uy, € £* aword of length j,
- p=1(qy",08") ... (q;",05") arun of A, on uy,
T (T i s T T . i T £T
P (QO7207]070—0)"'(qk72k7]k70k)amno On('LLk, Uk)s
such that, () gg"* = (¢!, ¢f), (i) 0" = m1 (o) and (iii) o = m5(cf""). Note that
if the top of the stack o is in ((I""™ \ {L}) x I'L ) then (ii) implies that the top of
o™ is equal to the top of 7 (o7""). .
[Induction Basis] If |p°*| = 1, then it is of the form p°** = ((¢",q7), (L, 1)),
which is a run on vg = ¢, we have:

- Ug = €,
- p=(¢™, 1) is arun of A;, on ug,
- pT =(¢%, 1,1, 1) is arun of T on (ug, vp).

Moreover, (i) ¢5** = (¢, q¢7) = (¢i", qd), (i) 71 (08®) = m((L, 1)) = L = o™
and (iii) mo(0§*) = mo((L, L)) = L = oT.

[Inductive Step] We suppose it is true for all |p¢"f| = k and let’s show it is true if
lpgity| = k + 1. Let p74'y = (g™, 08") ... (q2*", o0 ) (qR'th, oty ) be arun of Agyy
on Vg4+1 = bl . bk+1.

We know by induction that there are uw, = a1...q; e X
pt = (g o). (g 05") a run of A;, on wu, and ok =
(qg,io,j07ag)...(qkT.,imjha,{) a run of T on (ukwk) with v = by...0bg,

such that, (i) ¢ = (g7, q), (i) 0¥ = 1 (00"") and (iii) of = ma(o").

There are six types of transition to consider:

1. Call transition: o4, = (v, 7T)op* and (g9, b1, qp4y, (" 77)) € 62,

with ¢4 = (¢/% 1, ¢i, 1), then either:

- Call copy: (v**,7") € (" \{L}) x 'L, ), Ja € £°: (¢, a,q%1,7"™) €

6 and (¢, a, brg1, ¢l q,7") € 07, in that case:

o Upp = uga,

o oy = pi(gfhy, "ol is arun of Ay, on gy,

o pii=pE (@ i+ 1,k + 1,970 ) isarun of T on (upi1, vs).
If we note 0} | = 70", 0], = 770}, we can check that the required
induction properties are preserved: (i) ¢pty, = (¢i%1, ¢y 4), (i) mi(op4h) =
' (ogtt) = 4ol = oy, (i) ma(oRth) = yma(of™t) = ol = o4,
or



- Call insert: (v",4T) €  ({v} x I'L). ¢~
(q,{, T, € by, q,{+1) € 6T, in that case:
® Uk41 = Uk,
o pity = py"isarun of Ay, on ugg,
® Py = Pk (@15 ikJk + 1,7 o) isarun of T on (ugy 1, vkg).

If we note 0}, = 07", O’Z+1 = 'yTa,{, we can check that the required in-

q;4, and

duction properties are preserved: (i) ¢gty = (¢i%1,qf ), (D) mi(oph) =
m1((Ye, 77 )o) = m(of™) = o3 = o3y, (i) ma(0fty) = yma (o) =

oI =ol,,.
2. Return transition: op* = (v, 4T)op4 and (g, (v, 47), brt1, qf4y) € 62,
with ¢4 = (¢/"% 1, ¢{, 1), then either:

- Matched return copy: (v",7") € ('™ \ {1}) x I'L,), Ja € X7
(¢ v a,qi%,) € 6, and (¢f 7", a,brqr,qf ) € 07, in that case, if we
pose 'yi"o;ﬁl = (f;f"’ and ’}/TUE+1 = O'Z then we have:

o w1 = uka,
o Py = pi(gihy, 0i%y) is a tun of Ay, on upq (indeed, by induction
properties (i) and (ii) before the last transition the automaton is in state q]?"

in

and the stack as a v*"* on top by induction hypothesis),

o piy = pE(@t ik + Lk + 1,08,,) is arun of T on (upt1, Vit1)
(indeed, by induction properties (i) and (iii) before the last transition the
transducer is in state q,f and the stack as a y7 on top by induction hypoth-

esis).
We; can check that the required induction‘properties are preserved: (i) q,‘ffl =
(@100 )» () 7" (075) = m((r",AT)oRth) = mlog™) = o =
"o, and so Wl(Ugfl) = oy, (i) 7T7T2(Jlgit1) = 7r2((’7a'YT)‘7131t1) =

ty — T _ T, T ty_ T
ma(0p") = 0% =7 Okyq, and som(07Y) = 0%y

- Unmatched return copy: (v"*,7") = (L, L),3a € X" : (¢}, L,a,q}},) € 6,
and (qi, L, a,bps1,q] ) € 5TT', in that case, note that by definition of run of
A;, and of T' we must have 0;" = 1 and a,{ = 1, so if we pose aﬂl =
oi" = Land o, = of = L then we have:

® Ukt1 = Uga,

o Py = P?(Q;'iu 0;11) is a run of A;, on ugy1 (indeed, by inductiqn
properties (i) and (ii) before the last transition the automaton is in state q"
and the stack as a L on top by induction hypothesis),

o piy = i@t qyie + Lk + 1,08, ,) is arun of T on (upi1, vt1)
(indeed, by induction properties (i) and (iii) before the last transition the
transducer is in state ¢ and the stack as a L on top by induction hypothe-
sis).

W§ can check that the required induction properties are preserved: @) qgﬁfl =
(%iuqffﬂ), (i) mi(opth) = mi((L, L)) == L = ojf}y. (iid) m2(opty) =
m((L, L) =L =0 ; , _ ‘

- Matched return insert: (7", 4") € ({v.} x I'l,), ¢" = ¢, and
(aF 7" €,b,qf, 1) € 6L, in that case, if we pose 7o, = oj then we
have:



® Ukl = Uk,

° pk+1 = pk is arun of A;, on ugy1,

° pk+1 =p; (qu, ik, e + 1, Uk+1) is arun of 7' on (ug+1, Vg+1) (indeed,
by induction properties (i) and (iii) before the last transition the transducer
is in state ¢{ and 47 is on top of its stack).

We can check that the required induction properties are preserved: (i) 2%

k1 =

(@0 ai) () m(of2) = m((enT)ofth) = mlog™) = it =

0”_“_1, and so 7|'1(0'Z+1) = U“j_l (iii) VTWQ(UZTI) = 7o ((Ve, )UZ+1) =
ma(of"t) = o, =" oi . and so mi (oY) = oy

— Unmatched return insert: (7",77) = (1,1), ¢" = ¢ and

(¢F,L,eb,g}l ;) € 6%, in that case, note that oy = L, and if we pose
oi, 1 = of = L then we have:

L] uk'H = u_k,

o pilt 1 = py"isarun of Ay, on ugg,

o oy =P (a1 ik gk + 1,00, ) isarunof T on (ug41, vr41) (indeed,
by induction properties (i) and (iii) before the last transition the transducer
is in state qkT and L is on top of its stack).

We can check that the required induction properties are preserved: (i) q,‘ffl =
(q}"v’lpqgﬂ), (i) Wl(qufl) =m((L 1) =1 = m Tty (D) m(ofty) =
mo((L, L)) =L =0f,,.
3. Internal transition: (g, b1, qgh) € 07", with gy = (¢0%,, ql,,) then ei-
ther:
~ Internal copy: Ja € (g ,a qiny) € 0" A (gl a,brgr, qfy) € 08 IF
we note ‘7]+1 = O'] s Uk+1 = o7 and opity = o™, in that case:

® Ukl = Uga,

o ity = p;C (q]_H7 ) is a run of A;, on ug1,

o ph =pF (gt ik + 1,k +1,08) isarun of T on (uk1, ves1)-

we can check that the required induction properties are preserved: (i) g2t

k+1 =

in T\ o £y A — in o i ty

(551> Grgr)- (D) Wl(UZL) = m(op™) = oi" = oj}y, (i) m(opY) =
ma (o) = o, = Uk:+1_'

— Internal insert: q" = qit, and (g}, €,b,qf,,) € &}, in that case, if we pose

in T _ ST out _ out .
oty = 05", 0y = 0 and opyy = o™, then we have:

® Uil = U,
in

’Pk+1_Pk T Pt
. pk,+1 =p; (qu,zk,jk +1,05,,)isarunof T on (ug11, Vki1).

We can check that the required induction properties are preserved: (i) %!

. . . . k+1 =
(q}ihqt,fﬂ),gi) Wl(”}?itl) = mi(op") = oi* = ojhy, (i) ma(ofty) =
mo (o) = of, = 04

is arun of A;,, on ugy1,

So we showed that if we have a run of A, on v, then v is indeed the result of the
transduction by T of a word u which is accepted by A;,,. Let’s prove the reverse is also
true.



[T(L) C L(Agyu)]. If there exist u,v € %*, pi™ a run of A;,, on u, and pT a
run of T on (u, v), we must have a run p°“* of A,,; on v. Note that we always have
I < [pT].

We now prove by induction on |pT| the following assertion. Given u,v €
25 = (g0l .. (¢ o™) a run of A, on w, and pT =
(q i0,50,08) ... (¢% im, jm,oL) a run of T on (u,v), we have a run p°% =
(g8"t, o8 ... (g5ut, 02%t) of Ayt on v such that:

@) g2 = (¢i", gL.), (i) m1 (o) = o™, and (iii) m2(0%) = oL.

[Induction Basis] If |p?| = 1 then p? = (¢, 1,1, 1) is arun of T on (u,v) with
u = v = A then |[p™| = 1 and p" = (gi", L) is the given run on u, we have:
0% = ((¢&",q2), L) is a run of A,,; on v. Moreover the inductive properties are
satisfied: (i) qgu* = (qi", qT), (i) m(0g™) = m((L, 1)) = L = o and (iii)
(08" = ma((L, 1)) = L = ad.

[Inductive Step] We suppose it is true for all | p£| = k and let’s show it is true if
Pigal =k + 1.

Let pf., = (qf .0 ...(qg,ag)(qg+1,ag+l) arun of T on (ug41,vk41 with
Uk1 = @1 -..a; and Vg1 = by ... by and p = (¢, 0f") - .. (q;"7 U;-”) the given
run of A;, on ugy1. We have several possible cases:

o)

1. Call copy: (q,{,aj,bkﬂ,q,il,'y:r) e 6.7 with Ug+1 = qTol then we must
hgve aj € X¢ and thus (q]”il,aj7 ) € (5? for ~*™ suph that 0" =
y*"ai 1. By definition of Agus, (524, at), br+1, (a5, ai), (V™ AT)) € oot
Moreover by induction hypothesis we have that there exists a run pp** =
(g6, 06") ... (g, op™") of Ague on vy = by ... by, with: (i) g2** = (¢'" 1, q}).

(i) m1 (op"t) = o™ |, and (iii) mo (o) = o}l .

But then if we mote op4, = (", 4T)op"t, then pvt =
t out t _out\((yin T £y
(@8 08") - (@, o) (g}, Qo r)> 0R45) is @ run of Agyy on wyyq. In-

deed, (g§"*, 08" ... (q2**, 09" ) is arun of A,y on vy = by ... by, that finishes in
state qg"t = (q}’ll, qkT) and the last transition is therefore possible by definition of

out-
Finally the induction properties are verified: (i) ¢p4 = (¢ ¢, ), (D)
m(ogth) = m((Y"AT)opt) = yrm(optt) = ’ymaji-’il = U;-”., and (iii)

ma(oph) = ma (v 4 T)opt) = 4T ma(optt)

2. Call insert: (qg,e,bk_,.l,q,{_,_l,yT) € 6.7 with Ulz-&-l = 4ToT. By definition of
Aguts ((@7500)s b1, (@7, GF4): (7es77)) € 62°. Moreover by induction hy-

— T T — T
=7 0j = 0jy1-

pothesis we have that there exists a run p** = (gg“%, o8¥')...(¢g"*, og¥t) of
Aput 00 v = by ... by with: () g¢" = (g™, ), (i)mi(09") = o', and (iii)
ma(od¥t) = ol

But then if we note opty = (y,77)og", then po =
(g6, o6"") . (g™, Uz‘é“t)((qj-", Q1) 004h) s a run of Ay on wvgiq. In-
deed, (gg"*, 08" ... (q2**, 02" ) is arun of A,y on vy = by ... by, that finishes in
state qzut = (q;-", qkT) and the last transition is therefore possible by definition of

Aout-



Finally the induction properties are veriﬁgd: 6) qﬁfl = (q]i.”,qgﬂ), (i)
7T1(O'](;3_t1) = m(Yeod™) = m (o) = ot = oity, and (iii) 772(0133_”1) =
T t\ _ T T _ T

yima(opt) =yt oy = Ot

. Matched return copy: (qg,yT,aj,ka,qgﬂ) € 6,7 with yT £ 1, U,{ = 'yTUg_,'_l
andy" € I'l . then we must have a; € X" and thus (¢/" 1,7, a;,¢}") € 6"
for some 4" such that o | = 4""gi" or ¢ | = 4" = L (definition of run of
A;yn). Also, we have

((q;'ﬁl7 ql{)v (’yznv ’\/T)a b/H—lv (Q;nv qg+1)) € 51(31“ by definition of Aout-

Moreover by induction hypothesis there exists a run pQ* =
(g8“t, o8ut) ... (q2ut, o2ut) of Apyr on vy = by ... by with: (i) ¢g¥¢ = (qj-’jl, ab),
(i) m (op") = o
This implies that (y,v7) € %! is on top of o3“! for some ~y. By definition of
f"“t and the fact that " e I'L,, wehave that v € I\ {1}, s0y = 7" by
induction property (ii).

But then if we note 04!, defined by J]‘:lt = (y"™,7T)op4t,, then

Pt = (g§“t, o8"t) ... (g2*t, ag“t)((q;", q/{_ﬂ)7 JZ%) is a run of Ay On vgiq.
Indeed, by induction property (i), (¢§**,06") ... (¢7"*,07"") is a run of Ay, on
vk, = by ... by that finishes in state ¢0** = (¢i" 1, ¢l ) and the stack has (y*",47)

in |, and (iii) mo (o) = ofl.

")

i1
on top.

Finally the induction properties are verified: (i) qgfl = .(q;in,qkTJrl), (ii)
(o) = mi{(97, 2T )oR) — m(of) = att, — 57 s0 we have

— i iy AT in T

mi(ofh) = off, and (i) 7T ma(opth) = ma(AT)oRt) = malop") =
T _ T,T t T

O, =17 Ojyq S0 wehave ma (o)) = 0y -

. Unmatched return copy: (¢, L, a;, be+1. gL 1) € 6.7 with o} = of,, =1, We

have a; € X7,

By induction hypothesis there exists a run pf** = (g§“*,0q") ... (¢2", o2"t) of
Apur on v = by ...by with: () ¢¢"* = (¢f",¢{), (i) m(op™) = o™, and
(iii) mo(og¥t) = Ug. Properties (ii) and (iii) and the fact that Ug = | implies that
oin, = 1.

Thus (i, L,a;,q;") € 6;" with 05", = 0" = L (definition of run of A;;,).
Also, we have ((¢i" 1, q}), (L, 1), b1, (¢, qf 1)) € 62" by definition of Agy.
But then if we note opy, = op* = (L,L1), then p*** =

(g8, a8™) . (™, o2 ) (¢, gy 1), oR'4,) is @ run of Agyy on vyq1. Indeed,
by induction property (i), (g§“%, og*?) ... (g2, o2*) is a run of A, on vy, =
by ... by, that finishes in state ¢0"* = (@51, q?') and the stack has (L, L) on top.

out n

Finally the induction properties are verified: () ¢f%, = (g; 7q,Z,W_H), (ii)
Wl(az:‘_tl) =m((L, 1) = L = oi" and (iii) Wg(azitl) =ma((L,1)) =L =
of .

. Matched Return insert: (qg,vT,e,ka,qgﬂ) € 6,7 with ol = 'yTngH and
rYT € Fins- We have ((q;717 qlz;)7 (f}/ea fYT)7 bk+17 (q;'n,’ q;{.»,_l)) € 6’?7“'

Moreover by induction hypothesis there exists a run pg* =
(g8, a8™) . (qR™, op"") of Agur on vy = by ... by, with: () ¢ = (¢, qf)),

(i) w1 (™) = 0, and (jii) mo(0™) = ol



But then if we note o't"; defined by a,‘;?t = (Ye,7")op4t, . then
pout = (qgm7 Ugut) cee (qgm7 Ufé”)((fl}m qg+1)a Ulg-itl) is a run of Ayu¢ on vg1.

Indeed, (¢§“*, og™) ... (qo*t, o2 is arun of Ay on vy = by ... by that finishes
in state ¢g"* = (¢}, ¢i) (by induction property (i)) and the stack has (7., ") on
top because by induction property (iii) it has (y,v7) € I'°“* on top, but y% € T'L,
and [°% = (I'm x I'T YU ({v.} x I'L,) thus v = ..

copy )
Finally the induction properties are verified: (i) q,‘;ifl = (q;.",q,fﬂ), (>ii)
m(ogth) = m((ve, 7" )opth) = mi(op*') = ol = 0¥, and so my (oY) =

011 and (i) 7w (0%h) = ma((3e, 77 )oRt) = ma(of) = of = ATl

ty_ T
and so 71 (07) = Ok .
6. Unmatched return insert: Similar as the previous one.
7. The case of internal transitions is straightforward because the stack is not involved.



