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ABSTRACT. In discrete time, ¢-blocks of red lights are separated by
£-blocks of green lights. Cars arrive at random. We seek the distribution of
maximum line length of idle cars, and justify conjectured probabilistic asymp-
totics for 2 < /¢ < 3.

Assorted expressions emerge for a certain traffic light problem [1]. Let ¢ > 1 be
an integer. Let Xy = 0 and X, X», ..., X, be a sequence of independent random
variables satisfying

P{X,=1}=p, P{X;=0}=q ifi=12,...,¢mod 2/

P{X;,=0}=p, P{X;=-1}=q ifi=0+1,0+2,...,20 mod 2/

for each 1 <4 <n. Define Sy = Xy and S; = max{S;_1 + X;,0} forall 1 < j <mn.
Thus cars arrive at a one-way intersection according to a Bernoulli(p) distribution;
when the signal is red (1 < i < £), no cars may leave; when the signal is green
(0+1 <i <20),acar must leave (if there is one). The quantity M,, = maxo<;<, S; is
the worst-case traffic congestion (as opposed to the average-case often cited). Only
the circumstance when ¢ = 1 is amenable to rigorous treatment [2], as far as is known.
We assume that p < ¢ throughout.

The Poisson clumping heuristic [3], while not a theorem, gives results identical
to exact asymptotic expressions when such exist, and evidently provides excellent
predictions otherwise. Consider an irreducible positive recurrent Markov chain with
stationary distribution 7. For sufficiently large k, the maximum of the chain satisfies

P {M, < k} ~ exp (—%n)

as n — 0o, where C' is the sojourn time in k during a clump of nearby visits to k.
Here is a simple example: for an asymmetric random walk with weak reflection
at the origin, we have
T =pmj—1+qmiy,  J 21

Ty = qTo + qm1
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hence

From

we deduce

hence

Defining

we have

hence

hence

hence

hence

Because

it follows that

therefore

T = —To-

T = pTo + g
qme = T — Py = (1—(1)7T1 = pm

P
g = —T = —5Typ.

¢ ¢

F(z) = ijzj = pszj_lzj_l + QZWjJrlzj“
7j=2 j=2 Zj:2

=pz [F(2) +mz] + % [F(2) — m2?],

[1 —pz — Q] F(2) = pm12® — qmaz
z

[¢ — 2+ p2*] F(2) = (qma — pmi2) 2

(1= (g —pe) Fo) = ZE 2,
_
F@y_q@—p@
= lim = p2 70-
L=lnF) q(q—p)
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Note that, if k = log,,(n) +h -+ 1, we have

B =0

and thus

thus k —(h+1) —h
_,q—@><p) __q—47<q) __pw-p)<q>
TN = —— | — n—=-—-—\ = — 5 = .
¢ \q g \p q p
By [3],
E(C) =1+ pE(C) + ¢ (3) E(C)
equivalently
1
E(C)= ——
() p—

which implies

P{M, < log,/,(n) + h} =P{M, < log,/,(n) +h + 1}

()

as n — 0o. This formula appears in [2]. A similar argument gives an analogous
result for random walks with strong reflection at the origin.

~ exp

1. TRAFFIC LIGHT: /=1
We separate the walk into two subwalks: ¢ = 0mod 2 and ¢ = 1mod2. Let

, P{i+1t=p

i el e M e B an
oo o
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o8 oo
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denote the (infinite) transition matrix from 0 to 1, and

1 00 00
g p 0 00
0¢gp 00 . .
V= 00 qgpO ) P{j—1lji}t=4q
000 gqp
denote the transition matrix from 1 to 0.
1.1. Subwalk on Even Times. The subwalk for ¢ = O0mod2 has transition
matrix
(1+p)g p»» 0 0 0
¢ 21?261 P’ 02 0
0 ¢ 2p¢g p= O
0 0 0 ¢ 2pg
thus
T = p*mi_1 + 2pqm; + @i, § > 1
Ty = (1 —|—p)q7r0 + q27T1
hence
¢?mo=[1— (1 +p)gm=[1—(1-p*)]m
hence
2
™ = p—ﬂ'(]
e
From
™ = p*mo + 2pqmi + ¢
we deduce
¢°my = (1 —2pg)m — p’mo = (1 — 2pq — ¢*) m = p°m
hence ) A
p
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Defining

we have

hence

hence

hence

hence

Because

it follows that

therefore

and thus

(2) = Zﬁjzj

2 i1 j i1
=p°z g 1277+ 2pg g ;2 + = g T2t
Jj=2 Jj=2 Jj=2

= 2 [F(2) + m2] + 2pgF (2) + q; [F(2) = mp2”]

2
[1 — p*z — 2pg — q_} F(z) = pPm2t — ¢Pmaz
z

[ — (1= 2pq)z + p°2?| F(2) = (¢*m2 — pPmi2) 2°

(1—=2)(¢* —p°2) F(z) = 7 0
4. 2
pz
F
2) (2 —p2) "
4 4
. p p
L=1lmF = Ty = T
fim F(2) ¢* (¢*> — p?) 2q—p) "

2 4
p p
1+——|— :|7T0:]_
[ ?  ¢*(q—p)
r— 4P
q2

2\ J
q—p (P .
T = — |, 7 >0.
T <q2)

Note that, if k = log,2,2(n) + h + 1, we have

k h+1
(%) (%)
p? p?
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k —(h+1 —h
n_a—p(r\' _a—p (" _Pla—p (¢
ko 2¢2 \ ¢ 2¢2 \ p? 24 2 :

thus

as before, which implies

P{M, <loggz(n) +h} = P{M, <logz,.(n)+h+1}

pP*g—p)? (&\ 7"
TEPI T\

as n — Q.

1.2. Subwalk on Odd Times. The subwalk for : = 1 mod 2 has transition ma-

trix
q p 0 0 0
¢ 2p2q P 02 0
0 ¢ 2pg p 0
0 0 0 ¢ 2pg
thus
T = p*mi_1 + 2pqm; + @i, § > 2
T = pmo + 2pgm + ¢°m;
T = qmo + ¢°*m
hence
C_I27T1 = (1 - Q)Wo = PTo
hence
P
T = —27'('0.
Also
¢’ms = (1 = 2pg)m — pmo = (1 — 2pq — ¢*) m = p°m
hence ) 5
p
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As earlier, we have

[¢° — (1= 2pq)z + p°2*] F(2) = (¢*m — p°mi2) 2°

hence X a ) )
P —2)z
(1-2) (q2 —P2Z) F(z) = TWO
hence 4
p°z
F
) (P —p2) "
hence . .
. D p
L=1lmF = Ty = T
lim F(2) -1 Ela—p) "
Because

it follows that

3
p b
1+_+ :|7T0:1
{ ? ¢ (q—p)
therefore
_qg—p
o = ——
q
and thus
a—p (P*Y
7T]_—<—2) ) j>1
pq q

With k as before,
o _a—p (N _a—p (@ _pla—p) (@)
27 2pg \ & 2pq \p? 2¢°  \p?

)2 2\ —h
P{M, < log2p2(n) + h} ~ exp [—% (1%) ] :

This latter formula is the one we desire and also appears in [2].  Observe that
the subwalk exponential coefficient gy for ¢ = 0 mod 2 possesses an extra p/q factor
compared to the coefficient e, for i = 1 mod 2, equivalently,*

and

19 g (a=p)?°_pla—p)
2 ¢ p 7 2¢°

2
&1 .

Of course, the two maxima are not independent.
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1.3. Expected Sojourn Time. In our treatment of the subwalk represented by
UV, we indicated that E(C') = 1/(¢ — p) without comment [4]. Let us elaborate on
this point. Consider a random walk on the integers consisting of incremental steps
satisfying

—1  with probability ¢?,

0 with probability 2pq,

1 with probability p?.

*For nonzero j, let v; denote the probability that, starting from —j, the walker
eventually hits 0. Let 14 denote the probability that, starting from 0, the walker
eventually returns to 0 (at some future time). We have two values for 1y: when it
is used in a recursion, it is equal to 1; when it corresponds to a return probability, it
retains the symbol vy. Using

vj = p*vj_1 + 2pquy + ¢Pripa,  § > 1

vo = p°v_1 + 2pq + ¢°vy

define
F(z) = Zyjzj
j=1
o o 2 o
- p2ZZVj_1Zj_1 + 2quijj + q—ZVszj“
j=1 j=1 =
~ ~ 2 ~
=p*z [F(Z) + 1} + 2pgF(2) + q; [F(Z) - VlZ}
equivalently
2 ~
{1 —p’z — 2pq — q;} F(z) =p*z — ¢°n
equivalently ~
[qz — (1 —2pq)z +p2z2] F(z) = (q21/1 —p2z) z
equivalently

(1-2) (q2 — pzz) F(z) = (1/0 —p*v_q — 2pq — pzz) z.

Only the first of the zeroes 1, ¢*/p* is of interest (the second is > 1). Substituting
z =1 into the numerator of F'(z) gives an equation

Eq vy —p’v_y — 2pq — p* = 0.
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Also, using
vy =pvojoa +2pquoj + Projia, 21

we deduce that?

since multiplying both sides of

2\ J 2\ J+1 2\ J 2\ Jj—1
q 2 q q 2 q
vil = | =pvia| = + 2pqv; <—) +qvi <—)
’ <p2) o <p2> T\ p? T p?

by p% /q¥ gives an identity. Replacing ¢*v; by p?v_; in our initial expression for 1
gives another equation
Eqy : vy = 2p%v_1 + 2pg.

Solving F¢; and Fq, simultaneously yields vy = 2p and v_; = 1. More generally,
v_; =1for j > 1. Most importantly,

1 1
E(C)_l—m)_q—p

as was to be shown.
We will similarly study random walks

—2  with probability ¢*,
—1  with probability 4pg?,
0 with probability 6p%q?,
1 with probability 4p3q,
2 with probability p*;

(-3 with probability ¢°,

—2  with probability 6pg®,
—1  with probability 15p?¢*
0 with probability 20p3¢3,
1 with probability 15p*¢?,
2 with probability 6p°q,

3 with probability p®

in Sections 2.2 and 3.2 respectively. The formulas for E(C'), however, will be some-
what more complicated.
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2. TRAFFIC LIGHT: { =2
We have four subwalks. Let us consider the subwalk represented by U?V?:

(1+2p+3p?)¢® 4p3¢ p* 0 0 0
(1+3p)¢®>  6p*¢* 4pPq  p' 0 0
q* dpg®  6p°¢®> 4p’q  p* 0
0 ¢ 4Apg® 6p*¢® 4ApPq  p!
0 0 " Apg® 6p*¢®  4p’q
0 0 0 Tt 4pg®  6p*g?

2.1. Stationary Distribution. For j > 2, we have
T = p'mi_e +4p’qmi 1 + 6’y + Apg’ i + ¢

mo = (1+2p+3p?) ¢*mo + (1 + 3p)g’m + ¢*m

hence ) ) ) 5
 (1—=¢*—2pg®> = 3p°¢°) mo — (1 + 3p)g°m1
7T2 - 4 )
q
™ = 4p°qmo + 6p°¢°m + 4pg°Te + '
hence . ) 5 )
_ —Apiqmo + (1 — 6p*q?) m — dpg°my
Ty = 1 .
q
Defining

(o]
F(z) = Zﬂjzj
=2
(o] o (o]
= p4Z2Z7Tj_QZj_2 + 4p3qu7rj_1zj_1 + 6]92(]2271'ij
=2 =2 =2

4pg® 7"
+1 +2
+ =D mnd M 5w
Jj=2 Jj=2

= p*22 [F(2) + 7o + m2) + 4p°qz [F(2) + m12] + 6p°¢° F(2)

4p q3 4

+— [F(z) — m2®] + % [F(2) — mp2® — m32°]
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we deduce
1—p'2? —4p’qz — 6p*¢ — 4p7q3 - Z—i F(2)
= p*2? (mo + m2) + 4p3qz (m2) — 4%3 (m2?) — Z—z (mo2? 4 m32°)
hence

[q4 + dpgdz — (1 — 6p2q2) 22 4 4p3q2® + p4z4} F(2)
= —p*2* (mg + m2) — 4p°q2® (m12) + 4pgPz (7‘(‘222) +¢* (7r222 + 7r323) )

Replacing 7y and w3 by expressions in 7y and 71, then cancelling the common factor
1 — z between numerator and denominator, yields

4 —3p+p2)mo + [—1 4 6p? — 8p® + 3p* + (4 — 3p)pPz + p*2?| ™ } 22
(> = p*2) [¢° + (1 + 2pq)z + p*27]

Fz) = {r’(

hence

2p3(1 —[2(¢—p) — ¢*
L= lim F(z) = 220+ Om0 — 20 =p) —¢']m
z—1 2(q — p)
We observe three zeroes in the denominator D(z) of F'(z). The first zero, of smallest
modulus < 1, is negative and given by

—1—2pg+6

1 =

where 8 = /1 +4pq. The second zero, of intermediate modulus, is positive and

given by
2

q
2= —= > 1.
»?
The third zero, of largest modulus > 1, is negative and given by
—1—2pg—6
3=
3 22

Finding the unknowns 7y and 7 is achieved by solving two simultaneous equations:
Eq : subst(z=2z,N)=0
(substituting z; for z in the numerator N(z) for F'(z) and setting this equal to zero)

EQQI7T0+7T1—|—L:1
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which yields
(¢—p)B—-2p—10)

2q* ’
(¢—p)[-1—p—2pg+ (1 +p)b]

@

Thus we have a complete description of the stationary distribution. An exact expres-
sion for m; is infeasible; therefore asymptotics as j — oo are necessary. The second
zero zp leads, by classical singularity analysis, to [5]

Alp) = — N(z) _(g—p)[1+(qg—p)]

Ty =

m™ =

29 D' () 4q* ’

This is the expression that we shall use in the clumping heuristic.
2.2. Clump Rate. Using
vy = pvjo + 4p%qu 1 + 607y + ApPua + qtrje, G2 T

vo = ptv_g +4pPqu_y + 6p°¢* + dpgPur + ¢ty

define
F(z) = Zyjzj
j=1
= p42221/j_22j_2 + 4p3quVj_1zj_l + 6p2q221/jzj
=1 j=1 j=1
4 [o¢] ) o
+ LY o B3
j=1 j=1
a2 F -1 3 ; 2 9 F
=p'z [F(z) +rv gz + 1] + 4p°qz [F(z) + 1] + 6p°¢°F(2)
@ [z ' 7
+ — [F(z) — Vlz] + = [F(Z) — vz — 1/222}
z z
equivalently
4.2 3 2o A q'] =
1 —p"2° — 4p°qz — 6pq - F(z)

3 4

4
=pt2? (1/_12_1 + 1) +4piqz — % (1nz) — % (1/12’ + 1/222)
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equivalently
[q4 +dpgPz — (1 — 6p2q2) 22+ 4p3q2® + p4z4} F(2)
= —p2t (voz 7t + 1) = 2% + ApgPz (nz) + ¢* (112 + 1n2°)

equivalently

(1—2)(¢* = p2) [¢* + (1 + 2pq)z + p*2°] F(2)

= —p'Pvy = p'dt = 4P + Ap? P + ¢t

+ 2% (v — plvos — WPqu_1 — 6p%¢* — 4pg°in)

= 22vy + ¢ oy — PP — ApPgRtuy — ptPPu_y — 6P — 4piq® — ptt

Only the first two of the four zeroes 21, 1, 29, 23 are of interest. Let N(z) denote the
numerator for F(z). We have

qu : subst <z = zl,N) =0,

Eqs : subst (z = I,N) = 0.
Replacing q*v, by p*rv_, in our initial expression for vy gives
Eqs : vy = 20 v_o + 4pPqu_i + 6p°¢% + 4pgPuy.

Also, replacing ¢?v; by p*v_; throughout Eq;, Eq, and Eqs reduces the number of
variables to three. The simultaneous solution is

_ —1+2p+8p® —8p + (¢ — p)?0

I/ )
’ 4pq
1 —8p*+16p* — 8p* — (¢ —p)b
Vo= )
8pq
—1 —2p+ 12p* — 24p* + 24p° — 8p° + (¢ — p)(1 + 2p — 4p?)0
V_ g
? 8p°q
yielding
o L=8p"+16p° —8p" — (¢ — )0
1 p—

8pg®
in particular.

“Readers might be tempted to use {0} as the absorbing set 2, imitating what we
did in Section 1.3. But, starting from a negative integer, the walker could stray into
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the positive integers without ever touching 0 due to the transition p*. We must take
2 = {0, —1}: no walk can venture above 0 without touching at least one of 0 or —1.

An idea of Aldous [3] now comes crucially into play. The rate A of clumps of
visits to €2 is equal to A\g + A_; where parameters \g and A\_; are solutions of the
system

)\0 + >\_11/_1 = (1 — 1/0) 7Tj,
p2
)\01/1 + )\_1 = (1 — 1/0) Tjp1 ? (1 — 1/0) Ty

In words, for nonzero j, the ratio v;/ (1 —1p) is the expected sojourn time in {0},
given that the walk started at —j. The total clump rate is consequently

v la—p) i+ (@—p)f]
2q¢? J

and thus the exponential coefficient is

1 2 2 )\ _ 2 1+ N 92
51:_.19_2.22._.A(p)N(q )l 6(q PO _ xa(p)
4 ¢ p* m 32¢ 4
where )
_(g—p) Q2 3 Qud — )0
x2(p) =~ [(1—8p* + 16p° — 8p") + (¢ — p)0]

was conjectured in [I]. What was missed previously, however, is the expression for
go as a perfect square. This fact is a corollary of the hidden relation

A
— = 2¢*A(p)

Ty

(“hidden” in the sense that our experimental methods in [I] overlooked this intriguing
formula).

3. TRAFFIC LiGHT: { =3
We have six subwalks. Let us consider the subwalk represented by U3V?3:

(14 3p+6p*+10p®) ¢ 15p*¢>  6p°q b 0 0 0 0
(1 + 4p + 10p2) g 20p3¢> 15p*¢®  6p°q pb 0 0 0
(1+5p)g° 15p%¢* 20p3¢% 15pt¢®  6p°q P8 0 0
q° 6pg°  15p°¢* 20p°¢® 15p*¢*>  6p°q  p° 0
0 q° 6pg°  15p*q* 20p°¢* 15p*¢®  6p°q¢  p°
0 0 ¢° 6pg°  15p°¢* 20p°¢® 15p*¢®>  6p°q
0 0 0 q° 6pg®  15p%¢* 20p3¢® 15pig?
0 0 0 0 q° 6pg®  15p%¢* 20p3¢3
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3.1. Stationary Distribution. For j > 3, we have
T = PO 3 + 6p°qmj_o + 15p"¢* w1 4+ 2003w, + 15p%q 7j 40 + 6p@°mise + ¢Ojus;

To = (1 + 3p + 6p* + 10p3) o + (1 +4p + 10p2) ¢*m + (1 4+ 5p)g°ma + ¢Oms

hence
(1= ¢*=3pg® — 6p*¢® — 10p°¢%) mo — (1 + 4dp + 10p*)q*my — (14 5p)g°ma
7T3 - q6 b
T = 15p4q27ro + 20p3q37T1 + 15]92(]477'2 + 6pq57T3 + q67r4
hence
_ —15p*¢Pmo + (1 — 20p°¢%) m — 15p°q*my — 6pg°ms
7T4 - q6 b
Ty = 6p°qmo + 15p"¢°m1 + 20p° ¢ + 15p*q 73 + 6pg°ma + ¢
hence
_ —6p°qmo — 15p*¢Pm + (1 — 20p°¢°) my — 15p%q*ms — 6pg°my
5 = q6 .
Defining

oo
z) = ij 2

=p zgzw] 32973 4 6p q22Z7T] 0272

, 1Pt
+ 15p4q2z27rj_1z3_1 + 20p3q327rjzj P’ ZTF A

6pq Ly
+2 i+3
g Tjyo2’ ;g Tj132’
=3

=2 [F(z) +7T0—|—7T12+7T222} + 6p°g2> [ +7T12+7r2z2}
15

z

+ 15p*q°2 [F(2) + m22®] + 20p°¢*F(2) + [F(z) — m32°]

6

[F(2) — m32® — mz*] + =3 [F(2) — m32® — myz* — m52°)

6pq°

+Z2
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we deduce
15 2 4 6 5 6
1 —p%2% — 6p°g2® — 15p*¢*2 — 20p°¢° — e p_2q — q_3 F(z)
z z z
= p6z3 (7T0 + Tz + 7T222) + 6p5qz2 (7?12 + 7T222) + 15p4q22 (7?222)
15 2 4 6 5 6
_rd (7T323) — % (71'323 + 7T4Z4) — % (7r323 + 7r4z4 + 7r5z5)

hence
[q6 + 6pg°z + 15p%¢* 2% — (1 — 20p3q3) 23+ 15ptg?2t + 6p°g2® + p6z6} F(2)
= —p626 (7T0 +mz+ 7T222) — 6p5q25 (7?12 + 7r222) — 15p4c1224 (7‘(‘222)
+ 15p%¢*22 (71'32’3) + 6pg°z (7r323 + 7r4z4) +4° (7r3z3 + a2t + 7r525) .

Replacing 73, m4 and 75 by expressions in 7, m; and 7, then cancelling the common
factor 1 — z between numerator and denominator, yields F(z) to be

{p*[b+ apz + p*22| mo + [c + bpz + ap®2? + B2 7y + [d + cz + bp*2? + ap®23 + pb2t] mo} 23
(¢* —p?2) [q* + ¢*(1 + 4pq)z + (1 + 2pq + 6p*q?)2% + p*(1 + 4pq)2® + p*2]

where
a=6->5p, b=15—24p+ 10p?,

c=—(1—-20p3 + 45p* — 36p° + 10p°®), d = — (1 — 15p* + 40p> — 45p* + 24p°> — 5p°)

hence
I — i (o) — P+ 20+ 2¢) w0 — [3(q — p) — 2(1 + 2p)¢°| m — [3(q —p) — ¢°] ™2
— lim F(2) = 2 |
z—1 3(q p)

We observe five zeroes in the denominator D(z) of F((z). Two (complex conjugate)
zeroes have modulus < 1:

_1_i\/§—4pq—l—\/—2—|—2i\/§+8(1+i\/§)pq

4p? ’

—1—|—2'\/§—4pq+\/—2—22'\/§+8(1—2'\/§)pq

Z1

22
two zeroes have modulus > 1:

~1—iv3— dpg — /-2 +2V3+ 8 (1 +iv3) pg

24
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I

_1+i\/§_4pq—\/—2—21'\/5—1—8(1—1'\/5)1761

Z5 4p2

and the remaining (real) zero is

2

Zgzq—2>1.

p
Finding the unknowns 7y, 7m; and 75 is achieved by solving three simultaneous equa-

tions (two involving the numerator N(z) of F(z)):
Eq : subst(z=2z,N)=0
Eqy : subst (z = 23, N) =0
Eqg:my+m+m+L=1

which yields

(g—p) [7—10p+4p2+9—\/§\/ 1+28p—60p2+40p3—8p4+(7—10p+4p2)0]
Ty =
4¢5

(a—p)[—-3(1+7p—10p>+4p® ) —3(14p)0+ /6

™ =
~\/—1+30p+71p2 —84p3 —100p%+120p® —24p8+(7+16p—5p2 —18p3+12p4)9]
4q7

)

(q—p) [3(—1+6p+14p>—20p3+8p* ) +3(1+4p+2p* ) 0—/6

Tg =
\/ —1—16p+64p2+656p3+52p1 —1072p°+80p8+480p7 —96p8+(1+14p+120p2 +80p3 —92pt —24p> +48p6)€]

4q8

where 0 = \/ 1 4 4pq + 16p%¢>. Thus we have a complete description of the stationary
distribution. An exact expression for 7; is again infeasible. The third zero z3 leads

_ (g—p)u+(q—p)*0+V2(g —p)*Vo+uf
12¢5

to

Alp) = ‘]g<)>

Y

where

u=1—2p+6p? —8* +4p*, v=146p>—28p> + Hdp* — 48p® + 16p°.

This is the expression that we shall use in the clumping heuristic.
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3.2. Clump Rate. Using
v; = pvj_g + 6p°quj_s + 15p*¢*vj_1 + 20p°¢Pv; + 15p*q Vi1 + 6p@°rjpe + ¢Prips, G > 1;

vy = pPr_s + 6p°qu_o + 15p¢*v_1 + 20p°¢> + 15p%¢ vy + 6pg°re + P
define

F(z) = Zl/jzj
j=1

o [o¢]
6.3 i—3 52 i—2
=p°z E vj_32’ "7 4+ 6p°qz E Vj_o2
J=1 Jj=1

> - 15t S '
+ 15p4q2z21/j_1zj T4 20p3q321/jz’ + z Z;Vjﬂz”l
j= j= j=

j+2 j+3
+ 7 g Vj+2Z] + ? g Vj-i-SZJ
j=1 j=1

=p%23 [F’(z) ‘vzt dv2 4 1} + 6p°q2* [F’(z) N R 1}

~ ~ 15p2q4 ~
+ 15p*¢*z [F(z) + 1} +20p°* F(2) + . [F(z) — Vlz}

6pq5 [Fv 6

q
T =

= [F(z) — vz — 2 — 1/32’3]

(2) =z — 1/222] +
equivalently

{1 — %% — 6p°q2® — 15p P2 — 20p°¢® — —— — - — =
z

= p®23 (V_22_2 +rvz 4 1) + 6p°q2* (V_lz_l + 1) + 15pt¢*2
15p%q" 6pg°

6
(r12) — 2 (1/12 + ng2) — % (Vlz + 2+ V323)

z
equivalently
[qG + 6pg°z + 15p°q 2 — (1 — 20p3q3) 23 4+ 15pg? 2t + 6p°q2° + p626} F(z)
= —p%2f (V_22_2 +vz7t + 1) — 6p°q2° (1/_12_1 + 1) — 15ptg?2*
+ 15p%¢* 2% (112) + 6pg°z (1/12 + 1/222) +¢° (V12 + 2 + ng?’)
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equivalently

(1= 2)(¢* = p°2) [¢" + (1 + 4pq)z + (1 + 2pq + 6p°q*) 2% + p*(1 + 4pq)=* + p*2*] F(2)
— S, — PSP — pBa5 — 6Pty — 6pPq — 15ptgPt
+ 15p%q* 230y + 6pg° vy + 6pg° vy + P2y + 2P,

+ 2% (vo — pPv_g — 6p qu_s — 15p*Pv_y — 20p°¢° — 15p°q v — 6pg° 1)

= 2y + P21 + 6pg° 2P + ¢°2Pvs — 15t v — 6p°gztvy — pPtu

— 6p5q231/_2 — p6241/_2 — p623V_3 — 20p3q323 — 15p4q224 — 6p5q25 — p626.

Only the first three of the six zeroes 21, 29, 1, 23, 21, 25 are of interest. Let N(z)
denote the numerator for F'(z). We have

qu : subst (z = zl,N> =0,

Eqo : subst <z = 22,]\7) =0,
Eqs : subst (z = I,N) = 0.
Replacing ¢%vs by pSv_s in our initial expression for vy gives
Eqq : vy = 2p%v_3 + 6p°qu_s + 15p*Pv_y + 20p°¢® + 15p°q* 11 + 6pg°re.

Also, replacing ¢?v; by p?v_; and ¢*v, by p*r_, throughout qu, qu, qu and Eq4
reduces the number of variables to four. The simultaneous solution is

—2p(—3—18p+92p2—120p°+816p* —2816p°+3840p° —2304p” +512p° )

Vg =
+2(q—p)* (1+4p+12p2—32p> +16p" ) 0— (q—p)20v/2

[(—1-8p+8p?) (—1—2p—46p®—32p>+848p" —2432p5 4 3200p° —2048p7 +512p® )

+(1+8p-+88p? —448p> + 1888p" —4864p> +6400p0 —4096p” +1024p° ) 6] />
1_256p7 1 7687 —768p5 12560 ,

—6pg—(g—p)?(1+32p2—64p>+32p )0+ (q—p)0

V_1 =
[(q=p)* (—1—-8p+8p?) (1—8p—56p> —128p>+704p* —768p>+256p° )

+2(1-32p2 +64p*+992p* —4096p7 +6144p0 —4096p” +1024p° ) 6] 1/2

2p?(1—256p3+768p* —768p°+256p%) ’
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—6p2q? (5—256p°+768p" —768p°+256p° ) — (q—p)* (1+8p+24p> —64p>+32p* ) 0+ (¢—p)0

V_9 =
. [(—1+8p+8p2+288p3 —944p* —3136p°+3776p% —73728p7 +712704p% —2445312p°

+4345856p10 —4489216p' 1 +2736128p12 —917504p13 +131072p14)

. = 1/2
+2(1+4p+12p2—32p3+16p4)(1—8p+40p2—320p3+1824p4—4864p“‘+6400p6—4096p7+1024p8)9] /

2p*(1—256p3+768p* —768p°+256p%)

Y

—2p(—3—18p—33p2+255p3 +441p*—643p° —8448p6+28416p7—40448p8+30720p9—12288p10+2048p11)

V_3 =
—(q—p)?(—2—10p—41p>+190p° +89p" —1088p°+1728p° —1152p7 +-288p® ) 0— (q—p)0

. [(2+24p+186p2+272p3 —1239p* —8796p° +43998p°® —51924p7 —581577p% +3019604p” —4358340p'° —6991872p'!

+38416256p12 —72366336p13 +79163136p1* —54779904p1° 4-23804928p16 —5971968p17+663552p18)

+2(1+10p+69p2—18p3—330p4—3840p5+8160p6 +62940p7 —250095p8 +56320p° +1459360p1°
2p% (1—256p3+768p% —768p5+256p6)

. = 2
—4044096p' ! +5577696p'2 —4608000p13 4+2322432p1* —663552p1° +82944p16)9] Y

2p6(1—-256p3+768p1 —768p>+256p6)

Y

yielding
by = —6pg—(q—p)?(1432p2—64p>+32p* )0+ (q—p)0
[(g—p)? (—1-8p+8p?) (1—8p—56p> —128p>+704p* —768p° +256p° )
+2(1-32p2+64p>+992p* —4096p° +6144p° —4096p7 +1024p® ) | 1/2
2(1—-256p°+768p*—768p>+256p5)q> !
o —6p?q? (5—256p>+768p* —768p%+256p5 ) —(q—p)* (1+8p+24p°—64p® +32p* ) 0+ (q—p)0
y =

. [(— 14-8p+8p24-288p> —944p* —3136p° +3776p% —73728p" +712704p® —2445312p?

+4345856p'0 —4489216p! +2736128p12 —917504p'3 +131072p14)

+2(1+4p+12p2—32p3+16p* ) (1—-8p-+40p? —320p> +1824p —4864p°+6400p° —4096p” +1024p° ) 0] 1/2

2(1—256p3+768p* —T768p>+256p8)q*

in particular.
We must take 2 = {0,—1,—2} as the absorbing set. The rate A of clumps of

visits to 2 is equal to A\g + A_1 + A_o where parameters A\g, A_; and A_5 are solutions

of the system
>\0 + )\_1V_1 + )\_QV_Q = (1 - V(]) T,
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[

P
)\01/1 + )\_1 + )\_21/_1 = (]_ — 1/0) UYES g ? (]_ — 1/0) T,

4
p
)\01/2 + )\_11/1 + )\_2 = (1 — 1/0) it ~~ ? (1 — 1/0) Ty

The total clump rate is consequently

Vo la—put(g—p)0+ V2(q — p)*\Vv + ub
~ 4" Ty

where u and v appear at the end of Section 3.1. Thus the exponential coefficient is

S SO PO (Ched ) L Ut el Ut el M 1)

g1 = =
m

288pq? 6

| =
Qw|’6
Ew|@
<.

where 5
(¢—p)

xs3(p) = 12pq° [O“F(Q—p)259+(q—p)\/§\/7+aﬁﬁ],

a=1—4p+ 10p* — 52p° + 226p* — 520p° + 640p° — 400p” + 100p%,
B=1-—2p+6p*— 8+ 4p*,

v =1—4p+ 16p*> — 104p® + 506p* — 1808p° + 5604p°® — 15576p" + 35574p°
— 61160p° + 75152p™° — 63440p'! + 34840p'% — 11200p" + 1600p™*

was conjectured in [I]. Again, what was missed previously is the expression for g
as a perfect square, a corollary of the hidden relation

A
— = 3¢°A(p).

T
We conjecture, for arbitrary ¢ > 2, that

A
- = lq* Ap)

T
among many possible unsolved problems.?®
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Looking ahead, in Section 2, ¢; will correspond to the subwalk for i = 2mod4
and gy will correspond to the subwalk for i = 0 mod 4, that is, to V2U? and U?V?
respectively. It can be shown that g5 will possess an extra p?/q* factor compared
to €;.  In Section 3, e; will correspond to the subwalk for i« = 3mod 6 and gy will
correspond to the subwalk for i = 0mod6, that is, to V3U? and U3V?3 respectively.
It can be shown that & will possess an extra p?/¢® factor compared to &;.

*Defining v; is best done as follows. I am at a large level, say, J. I place the
origin at J and I wish to find the probability v; of returning to J starting from J — j,
equivalently, to 0 now. I reverse the walk direction. Now J — j is j and J + j is —j.
The trend is now towards the positive integers rather than the negative integers.

3The same identity connecting v_; and v; will be true in Sections 2 and 3 as well,
by the same reasoning.

“Employing the original coordinate axis may aid understanding. Readers might
be tempted to use the level j as the absorbing set S. But the maximum could be
above j without ever touching level j because of the transition p*. So we must use as
S the levels j and j 4+ 1: no maximum can be above 7 + 1 without touching at least
one of the levels j or j 4+ 1. In the revised notation, this leads to the absorbing set

Q= {0, -1}

°In this paper, we imagined a single line of traffic flowing from east to west. In the
following, imagine instead two independent Bernoulli(p) queues with no ¢ parameter
at all. Think of one queue for east-to-west traffic (EW) and one queue for north-
to-south (NS) traffic. The intersection of the two lines of traffic is governed by one
stoplight. An (old) green light for EW traffic turns red precisely when then are no
EW cars left, the (new) green light for NS traffic turns red precisely when then are no
NS cars left, and so on. What is the stationary distribution for this scenario? This
may be a difficult question to answer. From [3], it seems that, if 7 can be calculated,
then the distribution of the maximum line length of idle EW cars (say) can be readily
found via the clumping heuristic.

6 Another conceptualization of the ¢ = 2 scenario involves patients randomly arriv-
ing at a hospital emergency room. One doctor treats a new patient starting at times
= 3mod4; the other likewise at times = 4mod4. Services lengths are constant.
Allowing these to be nondeterministic complicates the analysis.
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